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Abstract—Tractor-trailer vehicles are affected by jack-
knifing, a phenomenon that consists in the divergence of
the trailer hitch angle and ultimately causes the vehicle
to fold up. For the case of backward motions, in which
jackknifing can occur at any speed, we present a control
method that drives the vehicle along generic reference
Cartesian trajectories while avoiding the divergence of the
hitch angle. This is obtained thanks to a feedback control
law that combines two actions: a tracking term, computed
using input–output linearization, and a corrective term,
generated via IS-MPC, an intrinsically stable MPC scheme
which is effective for stable inversion of non-minimum
phase systems. The successful performance of the pro-
posed anti-jackknifing control is verified through simula-
tions and experiments on a purposely built one-trailer pro-
totype. To show the generality of the approach, we also
apply and test the proposed method on a two-trailer vehicle.

Index Terms—, Autonomous vehicles, Automotive con-
trol, Predictive control, Trajectory tracking, Tractor-trailer
systems.

I. INTRODUCTION

TRAILERS are added to ground vehicles to increase their
payload capacity without sacrificing too much of their ma-

neuverability. Still, it is quite obvious that driving and controlling
a tractor-trailer system is more challenging than a single-body
vehicle [1]. One phenomenon that may arise during the motion
of vehicles with trailers is the so-called jackknifing. This term
denotes a situation in which the hitch angle between the tractor
and trailer grows until the vehicle folds on itself, losing control-
lability and possibly causing collisions.

Jackknifing is a serious issue during backup maneuvers, as
any truck driver knows by experience. It may also arise in
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forward motion, e.g., when a truck brakes or turns abruptly.
The nature of the phenomenon is, however, different in the two
cases: jackknifing in backward motion is essentially a kinematic
issue which occurs at any speed, while in forward motion it is a
high-speed inertial effect related to slippage.

In the literature, the control problem for tractor-trailer vehicles
has been addressed following two categories of approaches: in
the first, the reference motion is a path or trajectory in Cartesian
space, while in the second it is given in configuration space. From
a control viewpoint, the two approaches correspond respectively
to output and state tracking.

Works belonging to the first category include [2], where a
feedback control scheme is proposed to drive a general (i.e.,
nonzero-hooked) one-trailer system along backward trajectories
by transforming the control inputs of a virtual vehicle moving
forward along the same trajectory; [3], which introduces a two-
level trajectory tracking controller for a zero-hooked one-trailer
system; and [4], where the trajectory tracking problem is consid-
ered for a general n-trailer vehicle whose last trailer must track a
linear/circular trajectory. More recent work includes [5], which
addresses the problem by defining the last trailer as a virtual
tractor, and [6], which proposes a curvature-based method for
both forward and backward path following in the presence of
sideslip.

Coming to the second category, a first subgroup con-
sists of works where the reference state path/trajectory cor-
responds to specific (linear/circular) Cartesian motions. This
includes [7], where a zero-hooked one-trailer system is con-
trolled via input/state linearization and time scale transfor-
mation; [8] and[9], which tackle the general one-trailer sys-
tem using linear and Lyapunov-based designs, respectively;
and [10] and [11], that consider path tracking for the general two
trailer-system.

The second subgroup of state tracking approaches deals
with generic reference paths/trajectories in configuration space.
Among these, we mention [12], where a low-level hitch angle
controller is designed to simplify the general one-trailer system
model and the associated control problem, and [13], that uses a
Linear Quadratic (LQ) controller for driving a general two-trailer
system along a backward path generated by composing motion
primitives. This subgroup also includes works using Model Pre-
dictive Control (MPC), such as [14], [15], where only forward
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motions are considered, and [16], which focuses on the case of
the general two-trailer system.

The control method proposed in this article belongs to the first
category, i.e., tracking in Cartesian (output) space. We favor this
approach because it is closer to the typical problems arising
in applications. Indeed, using a method of the second category
for Cartesian motion control would require a preliminary con-
version of the reference motion to a stable path/trajectory in
configuration (state) space, and this is a nontrivial problem that
can only be solved in closed form in very special cases, such as
linear/circular motions.

In particular, we focus on the kinematic jackknifing that
occurs along backward motions. The starting observation is
that such phenomenon is a manifestation of the instability of
the residual internal dynamics associated to output trajectory
tracking; or, in other words, of the non-minimum phase nature of
the system in backward motion. Therefore, we propose to build
a feedback control law as the combination of two actions: 1) a
Cartesian trajectory tracking term, computed using input-output
linearization, and 2) a corrective term, aimed at avoiding the in-
ternal state divergence and generated via MPC. For the latter, we
apply IS-MPC (Intrinsically Stable MPC), a control framework
that we have developed and successfully used for humanoid gait
generation [17], another context that requires stable inversion of
a non-minimum phase system.

Since IS-MPC applies to linear systems, we compute the lin-
ear approximation of the tractor-trailer system around a suitable
state trajectory and use it as a prediction model for IS-MPC.
The latter includes an explicit stability constraint whose role is
to counteract the divergence of internal dynamics. The result-
ing method has been verified in simulation and experimentally
validated on a purposely built prototype.

With respect to the abovementioned literature, the proposed
control method has the following beneficial features.

1) Since we directly address the tracking problem in Carte-
sian space, the reference trajectory can be completely
generic and no preliminary conversion is required to a
stable trajectory in configuration space.

2) The method applies with any number of trailers, with any
combination of zero- and nonzero-hooking.

3) In contrast to most previous works, our method requires
almost no tuning, as the only control parameters are the
gains of the Cartesian tracking controller.

4) The use of MPC allows enforcing state and input con-
straints to take into account vehicle kinematic limitations
(joint limits), avoid workspace obstacles during the mo-
tion, or comply with the presence of actuator saturations.

5) The jackknifing problem is directly tackled by avoiding
the onset of the divergence of the zero dynamics via an
explicit stability constraint.

With reference to the last point, it should be emphasized that
methods belonging to the second category (state tracking) still
require the introduction of artificial thresholds on the tracking
error to avoid jackknifing, e.g., see [16]. Identifying these thresh-
olds requires an initial campaign of simulations or experiments,

Fig. 1. Considered tractor-trailer vehicle. Note the nonzero hooking.

and in any case their use may prove to be exceedingly conser-
vative, in the sense that it prevents the vehicle from executing
motions that are actually feasible.

Another interesting aspect of the proposed approach is that
the resulting controller works for both forward and backward
trajectory tracking, thereby eliminating the necessity of using
specialized controllers for the two cases. In fact, in forward
motion, the stability constraint automatically disappears (the
dimension of the unstable zero dynamics goes to zero), and the
Quadratic Program (QP) problem at the core of our MPC (see
Section III-D) will produce a corrective term whose only role is
to guarantee kinematic and actuation feasibility.

The ideas behind this article were first introduced in [18]. With
respect to that preliminary work, this article adds a number of
contributions, the most important being the following:

1) A modified stability constraint that explicitly considers
the time-varying nature of the linear approximation.

2) A procedure for enforcing constraints on the maximum
available inputs.

3) New simulations for the one-trailer system.
4) The application with experiments to a two-trailer system.

The rest of this article is organized as follows. In Section II,
we introduce the considered control problem, describing the
vehicle kinematic model and offering an interpretation of the
jackknife phenomenon associated to tracking control. In Sec-
tion III, we describe in general terms the proposed control
approach, and then in detail the generation of the auxiliary
trajectory, the approximate linearization procedure, and the
IS-MPC algorithm for computing the corrective control term.
Simulations and experiments are presented in Sections IV and
V, respectively. The extension to a two-trailer vehicle is out-
lined in Section VI. Finally, some future work is mentioned in
Section VII.

II. CONTROL PROBLEM

In this section, we introduce the considered vehicle, state the
control problem, and provide an interpretation of the jackknife
phenomenon in this context.
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A. Kinematic Modeling

Consider the vehicle shown in Fig. 1 consisting of a car-like
tractor towing a single1 trailer. Denote by x, y the coordinates of
the tractor rear axle midpoint, and by θ, φ, and ψ, respectively,
the tractor heading, the steering angle, and the hitch angle (i.e.,
the relative orientation of the trailer with respect to the tractor).
Also, let � and �1 be the length of the tractor and the trailer,
and �h the distance between the tractor rear axle midpoint and
the hitch joint axis. We will consider the general case in which
�h �= 0 (nonzero hooking).

If no wheel slip occurs (an assumption that is consistent with
the low speed typically associated to backup maneuvers), the
kinematic model [19] of the vehicle is derived as

ẋ = v cos θ

ẏ = v sin θ

θ̇ =
v tanφ

�
(1)

ψ̇ = − v tanφ

�

(
1 +

�h
�1

cosψ

)
− v sinψ

�1

φ̇ = ω

where v and ω are, respectively, the driving and steering veloc-
ities, taken as control inputs.

B. Internal Instability Under Tracking Control

Assume that a Cartesian reference trajectory (xref(t), yref(t))
is assigned to be tracked by the vehicle. From a control view-
point, this is simply an output trajectory—an associated state
trajectory is not given.

The most direct way to design a tracking controller is to use
input–output linearization via feedback. Ideally, one would like
to track the reference trajectory with the vehicle representative
point (x, y). However, this cannot be achieved by static feed-
back because the decoupling matrix turns out to be singular. A
possible workaround is to choose as output a different point P
with coordinates (xP , yP ), as shown in Fig. 1. One easily finds(

ẋP
ẏP

)
=D(θ, φ)

(
v
ω

)

with

D(θ, φ) =

(
cθ − tφ

� (�sθ + d sθ+φ) −d sθ+φ
sθ +

tφ
� (�cθ + d cθ+φ) d cθ+φ

)

setting for compactness sα = sinα, cα = cosα, and tα = tanα
from now on. Since detD = d/cφ, matrixD is invertible if d is
nonzero. Under this assumption, one can achieve input–output
linearization by using the feedback transformation(

v
ω

)
=D−1(θ, φ)u (2)

1The control design to be presented does not exploit in any way the fact
that a single trailer is present. Therefore, our method is applicable to vehicles
with more than one trailer, including the so-called general n-trailer system. See
Section VI for the application to the two-trailer system.

where u = (u1, u2) is the new control vector. The input–output
linearized dynamics is expressed in normal form [20] as

ẋP = u1

ẏP = u2

θ̇ =
sφ
�
(cθ+φ u1 + sθ+φ u2) (3)

ψ̇ = − 1
� �1

(�hsφ cψ + �1sφ + �cφ sψ) (cθ+φ u1 + sθ+φ u2)

φ̇ = −
(cθ+φ sφ

�
+
sθ+φ
d

)
u1 −

(sθ+φ sφ
�

− cθ+φ
d

)
u2.

In the following, we will denote by q = (xP , yP , θ, ψ, φ) the
state vector of system (3). By setting

u = utrack =

(
ẋref + kx(xref − xP )
ẏref + ky(yref − yP )

)
(4)

with kx, ky > 0, the tracking error will converge exponentially
to zero for any initial condition.

However, the evolution of variables θ, ψ, and φ is not con-
trolled in this scheme. Additional insight can be gained by
looking at the zero dynamics of (3)–(4), i.e., the closed-loop
dynamics of θ, ψ and φ along the reference trajectory

θ̇ =
sφ
�
(cθ+φ ẋref + sθ+φ ẏref)

ψ̇ = − �hsφ cψ + �1sφ + �cφ sψ
��1

(cθ+φ ẋref + sθ+φ ẏref) (5)

φ̇ = −
(cθ+φ sφ

�
+
sθ+φ
d

)
ẋref −

(sθ+φ sφ
�

− cθ+φ
d

)
ẏref .

Consider, for example, the case in which the vehicle must
track the linear trajectory

xref = vref t, yref = 0 (6)

with vref < 0, starting from xP = yP = 0 [m], and θ = ψ =
φ = 0 [rad]; i.e., point P is on the desired trajectory but the
vehicle points in the opposite direction (tracking in backward
motion). The behavior of the vehicle can be predicted by set-
ting ẋref = vref and ẏref = 0 in the zero dynamics (5), and
deriving2 its linear approximation around the origin, whose
eigenvalues are positive and, in particular, easily found to be
{−vref/�,−vref/�1,−vref/d}. From this, we can deduce several
interesting facts:

1) The presence of three positive eigenvalues indicates that
the origin is unstable for the zero dynamics—one also
says that system (3)–(4) is non-minimum phase in this
case. This entails that the evolution of the internal vari-
ables is not bounded when tracking in backward motion.
In fact, a simple simulation reveals that in practice θ,
ψ, and φ will diverge from zero as the vehicle moves.
This will severely affect the vehicle’s maneuverability,
because the hitch angle will engage its mechanical joint
limit or a self-collision will occur between the tractor and
the trailer.

2For this computation, one may use the general expression of the linear ap-
proximation of system (3) given in Appendix A, setting q̃ = (vref t, 0, 0, 0, 0),
ucorr = 0, and focusing on the last three equations.
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Fig. 2. For system (3)–(4), tracking in backward motion is unstable
and leads to jackknifing, whereas tracking in forward motion is internally
stable (tractor in red, trailer in blue).

2) Not surprisingly, the zero dynamics instability is empha-
sized at higher speeds (large |vref |), for shorter vehicles
(small �, �1) or when P is closer to the wheels (small d).

3) If vref > 0 in (6), the reference trajectory moves in the
direction of the positive x axis, with the vehicle initially
pointing in the same direction (tracking in forward mo-
tion). Based on the eigenvalue analysis, the origin of the
zero dynamics is now asymptotically stable, so that θ, ψ,
and φ are bounded—in fact, they converge to zero.

The simulations in Fig. 2 summarize the above discussion
(see the accompanying video for an animation).

In practice, the divergence of the angular variables, and in
particular of ψ, corresponds to the occurrence of the jack-
knife phenomenon for the vehicle. Its control interpretation is,
therefore, straightforward: Jackknifing is a manifestation of the
instability of the zero dynamics of system (3)–(4) when tracking
in backward motion.

III. PROPOSED APPROACH

In this section, we discuss the proposed method for avoiding
the jackknife phenomenon in backward motion. We will first
provide a general overview of the solution approach and then
proceed to a detailed discussion of its main components.

A. Overview

Let us start with the tractor-trailer system in the input–output
linearized form (3) thanks to the feedback transformation (2).

The basic idea is to add to the pure tracking control

utrack =

(
ẋref + kx(xref − xP )
ẏref + ky(yref − yP )

)
(7)

a corrective action aimed at avoiding the onset of instability

u = utrack + ucorr. (8)

In our approach, ucorr is generated using IS-MPC (Intrin-
sically Stable MPC), a predictive control method especially
designed for non-minimum phase linear systems [17]. Since
model (3) is nonlinear, we compute in real time its linear approxi-
mation around an auxiliary trajectory qaux, whose construction
is illustrated in Section III-B, and we feed it to the IS-MPC
block. Since the latter operates over a control horizon Tc, both
the auxiliary trajectory and the linear approximation—which
is obviously time-varying—must be made available over the
same time interval. Fig. 3 shows a block scheme of the proposed
approach.

Note that the idea of adding a corrective term to avoid jack-
knifing may also be of interest in a mixed-initiative control
context, in which the human driver would essentially provide
the basic tracking control action and the proposed algorithm
could be used to design an antijackknifing ADAS (Advanced
Driving Assistance System, e.g., see [21]).

B. Generation of the Auxiliary Trajectory

The reference output trajectory does not entail a trajectory for
the state variables; this is related to the fact that the Cartesian
coordinates x, y (or xP , yP ) do not represent a flat output for the
tractor-trailer system. Therefore, we must identify an auxiliary
state trajectory qaux(t) around which to compute an accurate
linear approximation of the nonlinear system (3). To this end, we
generate a stable state trajectory (i.e., a trajectory along which
θ, ψ, and φ do not diverge) compatible with the reference output
trajectory using the following procedure.

1) Call tk the current time instant at which the computation is
performed. Given a T > 0, let tk − T be the (past) initial
time instant, and initialize the auxiliary trajectory at

qaux(tk − T ) =⎛
⎜⎜⎜⎜⎝

xref(tk + T )
yref(tk + T )

ATAN2 (−ẏref(tk + T ),−ẋref(tk + T ))
0
0

⎞
⎟⎟⎟⎟⎠

i.e., pointP matched to the (future) value of the reference
trajectory at tk + T , tractor oriented as the backward
tangent to the reference trajectory, trailer aligned with
the tractor, and zero steering angle (see Fig. 4).

2) Generate the state trajectory qaux(t) for t ∈ [tk − T, tk]
by integrating model (3) from the retrograde initializa-
tion qaux(tk − T ) up to tk under the pure tracking (no
correction) control law (4). In doing this, the reference tra-
jectory must be reverted by replacing xref(t) and yref(t)
withx′ref(t) = xref(2tk − t) and y′ref(t) = yref(2tk − t),
respectively. The resulting control law will define the
input uaux = utrack(qaux) associated to the auxiliary
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Fig. 3. Block scheme of the proposed anti-jackknifing control approach. Note that at each instant t we must compute q
[t,t+Tc]
aux , u[t,t+Tc]

aux , the
portion of the auxiliary trajectory and associated input that are contained in the IS-MPC control horizon, and A[t,t+Tc], B[t,t+Tc], the time-varying
matrices of the approximate linearization in the same interval.

Fig. 4. Definition of the retrograde initialization (tractor in red, trailer
in blue). For compactness, we have let pref = (xref , yref). In this figure,
the current configuration of the vehicle is such that point P matches its
reference value; however, this will not be true in general.

Fig. 5. Starting from the retrograde initialization of Fig. 4, a stable
state trajectory is generated by pure tracking of the reversed output
trajectory in forward motion. Then, this stable trajectory is itself reversed
to produce the auxiliary state trajectory.

trajectory3. Since this tracking is in forward motion,
trajectory qaux(t) for t ∈ [tk − T, tk] is stable.

3) The auxiliary trajectory qaux(t) for t ∈ [tk, tk + T ] is
finally obtained by reverting the stable trajectory qaux(t)
for t ∈ [tk − T, tk]. This is simply obtained by setting
qaux(t) = qaux(2tk − t).

Fig. 5 describes the above procedure in a nutshell.
Note that the specific choice of θ, ψ, and φ in the retrograde

initialization qaux(tk − T ) is not important as long as it leads to
tracking the reference trajectory in forward motion; the above

3Note that uaux will only consist of the feedforward component as the
retrograde initialization is matched to the reference trajectory.

choice is an example. As for T , it should be sufficiently large for
the transient to be practically over in tk; moreover, it should be
larger than the control horizon of the MPC (see Section III-D).

C. Linearization Around the Auxiliary Trajectory

At this point, it is possible to compute the linear approxima-
tion of model (3), subject to the control law (8), around the auxil-
iary trajectory qaux, for t ∈ [tk, tk + T ]. Letting ε = q − qaux,
one obtains a linear system which is time-varying due to the
dependence on the auxiliary trajectory

ε̇ = A(t)ε+B(t)ucorr. (9)

A(t) andB(t) are deduced by setting q̃(t) = qaux(t) and ˙̃xP =
ẋref , ˙̃yP (t) = ẏref(t) in the general expressions in Appendix A.

Since the proposed framework includes an MPC module (see
Fig. 3), our algorithm works in discrete-time, producing control
inputs u that are piecewise-constant over sampling intervals
of duration δ. We then approximate (9) with the following
piecewise-time-invariant system:

ε̇ = Akε+Bkucorr,k t ∈ [tk, tk+1]

withAk = A(tk) andBk = B(tk). This 5-dimensional system
is partitioned in a 2-dimensional and a 3-dimensional system(

ε̇s

ε̇u

)
=

(
Ass 02×3

Aus,k Auu,k

)(
εs

εu

)
+

(
I2×2

Bu,k

)
ucorr,k.

(10)
While it isAss = diag{−kx,−ky}, the three eigenvalues of

Auu,k have positive real part when tracking in backward motion,
and thus the dynamics of θ, ψ, and φ are unstable4.

D. MPC-Based Control Correction

In the proposed control scheme (Fig. 3), the role of IS-MPC
is to compute the control correction term ucorr so as to avoid
the onset of instability—and hence jackknifing.

4This was proven analytically for linear trajectories in Section II-B. We do not
give a general proof of this claim, which can, however, be verified numerically.
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Denote by Tc = C · δ the control horizon over which control
corrections are generated. As a prediction model, we use the
following:

ε̇ = Ajε+Bj ucorr,j j = k, . . . , k + C − 1 (11)

ε̇ = Ak+Cε+Bk+C ucorr,j j ≥ k + C, (12)

i.e., the piecewise-time-invariant system (10) within the control
horizon and the same system frozen at tk+C after that.

1) Stability: We now introduce a stability condition which
guarantees that the internal dynamics does not diverge (it is the
condition under which the free evolution exactly cancels the
divergent component of the forced evolution). To this end, we
need a preliminary transformation of the model equations.

For the prediction model after time tk+C , which is time-
invariant, one can use a change of coordinates η = Tε, with

T =

(
I2×2 02×3

T u

)

such that the system becomes block-diagonal as follows:(
η̇s

η̇u

)
=

(
Ass 02×3

03×2 Λu,k+C

)(
ηs

ηu

)
+

(
I2×2

Gu,k+C

)
ucorr,j

with Λu,k+C collecting the unstable eigenvalues ofAuu,k.
We have the following result.
Proposition 1: Assume that the state εk of the prediction

model (11)-(-12) in tk satisfies the following condition:

T uΦk,k+C εk = −T u
k+C−1∑
i=k

Φi+1,k+C Ψi ucorr,i + η
∗
u (13)

where Φm,n = Φn−1 . . .Φm, with Φj = eAjδ , and

Ψi =

∫ ti+1

ti

eAi(ti+1−τ)Bidτ, η∗
u =

∞∑
i=k+C

Ωi ucorr,i (14)

with Ωi =
∫ ti+1

ti
e−Λu,k+C(τ−ti)Gu,k+C dτ . Then, the evolu-

tion of ε will remain bounded if the inputs ucorr,j are bounded.
Proof: Consider the time-invariant prediction model (12) af-

ter the control horizon. Since the inputs ucorr,j are bounded,
we may apply Lemma 1 of Appendix B (in particular, (B.1)) to
claim that the state of (12) will be bounded if the value of ηu at
tk+C matches η∗

u as given in (14).
Condition ηu,k+C = η∗

u can be rewritten in ε as

T u εk+C = η∗
u

and then back-propagated to time tk to obtain (13). �
Equation (13), which we refer to as the stability condition,

may be rewritten as

T u

k+C−1∑
i=k

Φi+1,k+C Ψi ucorr,i =

∞∑
i=k+C

Ωi ucorr,i − T uΦk,k+C εk. (15)

Since the left-hand side now contains the decision variables of
the MPC problem, i.e.,ucorr,i for i = k, . . . , k + C − 1, eq. (15)

can be regarded as a stability constraint. Note that the right-hand
side depends on the current state εk as well as the corrective
actions ucorr,i for i ≥ k + C, i.e., after the control horizon.
The latter, collectively referred to as the tail, are obviously
unknown, and they must be conjectured in order to obtain a
causal constraint that can be computed at tk.

Possible tails in IS-MPC [17] include the truncated tail,
which corresponds to settingucorr,i = 0 for i ≥ k + C, and the
periodic tail, obtained by replication of the corrective actions
within the control horizon asucorr,i = ucorr,i−C for i ≥ k + C.
This replication may be infinite or finite; in the second case, the
remaining part of the tail is truncated.

Wrapping up, (15) is a 3-dimensional linear constraint in the
MPC control inputs, as all other terms are either known (the
current state εk and the tailucorr,i, i ≥ k + C) or computable in
closed form (matrices T u; Φi,k+C , Ψi, i = 1, . . . , k + C − 1;
and Φk,k+C).

2) Other Constraints: In addition to the stability constraint,
the MPC framework allows to introduce practically relevant
constraints on the hitch angle ψ and the steering angle φ

|ψj | ≤ ψmax |φj | ≤ φmax j = k + 1, . . . , k + C (16)

where ψmax and φmax are the mechanical limits on the corre-
sponding joints. These constraints are still linear when expressed
in the transformed state coordinates εj = qj − q̃j .

One may also have box constraints on the velocity inputs

|vj | ≤ vmax |ωj | ≤ ωmax j = k, . . . , k + C − 1.

In view of (2) and (8), these constraints can be written at the
generic sampling instant tj ∈ [tk, tk+C−1] as

∣∣D−1(θj , φj)(utrack,j + ucorr,j)
∣∣ ≤ ( vmax

ωmax

)
where the absolute value and the inequality are intended com-
ponentwise. To transform this into a linear constraint on the
MPC decision variable ucorr,j , we replace D−1(θj , φj) and

utrack,j with two constant quantities D̄−1
j and ūtrack,j , obtained

by substituting the predicted state at tj with its value according
to the MPC solution at tk−1, which is known. Therefore, the
velocity input constraints finally become

−
(
vmax

ωmax

)
− D̄−1

j ūtrack,j ≤

D̄
−1
j ucorr,j ≤

(
vmaxωmax

)− D̄−1
j ūtrack,j . (17)

3) IS-MPC Formulation: The IS-MPC algorithm solves at
each iteration the following QP problem:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min
C−1∑
i=1

‖ucorr,i‖2

subject to:
• stability constraint (15);
• state constraints (16), j = k + 1, . . . , k + C;
• input constraints (17), j = k, . . . , k + C − 1.

The choice of the cost function reflects the fact that the
corrective action ucorr in (8) will perturb exact tracking, and
therefore, it should be limited to the minimum necessary.
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Fig. 6. Simulation 1: Stable backward tracking of a linear trajectory by
the proposed method (tractor in red, trailer in blue).

Fig. 7. Simulation 1: Driving and steering velocities.

The actual expression of the stability constraint (15) will
depend on the chosen tail (truncated, infinite-periodic, finite-
periodic). As customary with MPC, only the first corrective
action ucorr,k is actually used as real-time control, and a new
QP problem is set up and solved at the next sampling instant.

IV. SIMULATIONS

As a preliminary validation of the proposed method, we have
performed numerical simulations in MATLAB for a tractor-
trailer vehicle having the same kinematic parameters of our
physical prototype, which will be described in detail in the next
section. Accordingly, we have set � = 0.255 m, �h = 0.065 m,
�1 = 0.263 m, ψmax = π/4 rad, φmax = π/12 rad, vmax =
0.5 m/s, and ωmax = 1.5 rad/s. As for the control scheme, we
have chosen d = 0.1 m and kx = ky = 1. The sampling interval
is δ = 0.1 s, while the MPC control horizon is Tc = 5 s. A
finite-periodic tail with two replications was used in the stability
constraint (15). The accompanying video contains clips of all the
simulations, see also https://youtu.be/ImG1ZV1EYBs.

In the first simulation, the vehicle starts from q0 =
(6, 0.01, 0, 0, 0) [m,m,rad,rad,rad] and must track in backward
motion the linear reference trajectory

xref = 6 + vref t, yref = 0

with vref = −0.3 m/s.5 In the absence of a corrective action
(u = utrack), jackknifing will occur, similarly to what happens
in Fig. 2. The inclusion of the corrective action generated by
IS-MPC in the control law (u = utrack + ucorr) successfully
prevents the phenomenon, producing stable tracking of the refer-
ence trajectory, see Fig. 6. The tracking error reaches a transient

5Since the total length of our vehicle is around 60 cm, the speed-over-length
ratio is 0.5. For a typical tractor-trailer truck, whose average length in the US is
22 m, this would correspond to a speed of 40 km/h circa.

Fig. 8. Simulation 2: Stable backward tracking of a circular trajectory
by the proposed method.

Fig. 9. Simulation 2: Driving and steering velocities.

peak value of 0.012 m in norm and then converges to zero. The
driving and steering velocity plots of Fig. 7 indicate that in this
case only the steering velocity ω is affected by the corrective
action, which tends to counteract the feedback component of
the tracking action. For completeness, we have also run the same
simulation for the case vref = −0.8 m/s. The obtained results,
which are only shown in the accompanying video, confirm that
the proposed method is effective independently of the reference
speed.

In the second simulation, a circular trajectory with a radius of
5 m and a tangential velocity of 0.25 m/s must be tracked in back-
ward motion starting from q0 = (0, 0.01,−0.07, 0.03, 0.05)
[m,m,rad,rad,rad]. The proposed strategy is again effective, as
shown by the results in Figs. 8–9; note how in this case also the
driving velocity is involved in the corrective action. In this case,
the transient peak of the tracking error is 0.052 m. Under pure
tracking control, jackknifing would instead occur at the very
start of the motion (see the accompanying video).

Finally, in the third simulation, the vehicle must track in
backward motion an eight-shaped reference trajectory starting
from q0 = (0, 0.05, 3.92,−0.09, 0) [m,m,rad,rad,rad]. The re-
sults, shown in Figs. 10– 12, confirm that the proposed method
can avoid the jackknifing phenomenon over generic trajectories,
including those with variable curvature. The peak value of the
Cartesian error during the transient is 0.1 m. Fig. 11, right, also
proves that state constraints are correctly taken into account by
the MPC algorithm; the same is true for the input constraints.
As before, jackknifing immediately occurs without corrective
action, see the accompanying video.

https://youtu.be/ImG1ZV1EYBs
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Fig. 10. Simulation 3: Stable backward tracking of an eight-shaped
trajectory by the proposed method.

Fig. 11. Simulation 3: Evolution of the steering angle φ; note the
saturation in the early part of the motion. Also shown is the steering
angle (red) generated by the proposed method if the state and input
constraints are removed.

Fig. 12. Simulation 3: Driving and steering velocities.

Overall, the above simulation confirms that the inclusion of
the stability constraint in our MPC formulation guarantees that
the whole zero dynamics (i.e., the steering angle, the vehicle
orientation, and the hitch angle) will be stable during the motion.
In particular, this means that also the trailer orientation (which
is the sum of the vehicle orientation θ and the hitch angle ψ) is
guaranteed to be bounded.

V. EXPERIMENTS

To perform an experimental validation of the proposed
method, we have built a prototype tractor-trailer system starting
from a commercial radio-controlled model, the Carson Unimog
U300, a 1:12 replica of the Mercedes Unimog U300 truck.
The kinematic parameters of the vehicle have been given at the
beginning of the previous section. The model was extensively

modified and instrumented in order to implement the antijack-
knifing controller as follows:

1) The original electronics were replaced with two Arduino
Uno microcontroller boards in a master-slave configura-
tion, connected via the I2C protocol.

2) An H-bridge was added for driving the two DC motors.
3) Encoders were mounted on the trailer wheels as well as

on the hitch joint.
4) A USB/Bluetooth module was added for communication

between the master board and the external computer
where the antijackknifing controller runs.

The external computer is a standard laptop that receives from
the master board the current odometric estimate of the robot
configuration, obtained from encoder measurements via second-
order Runge–Kutta integration of model (1). It then executes in
real time the IS-MPC algorithm in MATLAB, usingquadprog
as QP solver, and sends the resulting velocity commands v and
ω back to the master board. This high-level control cycle runs
at a rate of 10 Hz.

The master board sends the velocity commands to the slave
board, which runs the low-level PI controllers of the motors. In
particular, the driving velocity error is computed by comparing
v with vrec, the current driving velocity of the tractor as re-
constructed from trailer wheel encoder data. As for the steering
motor, ω is integrated to provide a reference for the steering
angle φ, which is then compared with φrec, the current steering
angle as reconstructed via odometric localization. The PI loops
for the driving speed and the steering angle run, respectively, at
20 and 100 Hz.

Fig. 13 shows how the anti-jackknifing block of Fig. 3 has
been merged in the overall control architecture of the vehicle.

The control parameters d, kx, and ky are the same of the
simulations, but the MPC control horizon Tc has been reduced
to 1 s to decrease control delay and ensure that the controller
runs comfortably in real-time in spite of the additional commu-
nication overhead.

Figs. 14 and 15 show the results obtained on linear and
circular trajectories, respectively. It is clear that the proposed
method achieves stable backward tracking in both the cases, fully
corroborating the positive outcome of the simulations and ulti-
mately proving its robustness to the inevitable uncertainties and
perturbations that affect such a low-cost experimental setup. See
the accompanying video or https://youtu.be/ImG1ZV1EYBs for
clips and data plots of these experiments.

VI. EXTENSION TO THE TWO-TRAILER SYSTEM

The proposed method can be extended in principle to a vehicle
towing any number of trailers. For illustration, we present below
some results for the case of two trailers.

Consider the vehicle in Fig. 16, in which a second trailer of
length �2 has been hooked at a distance �h1 from the wheel axle
midpoint of the first trailer. Correspondingly, the state vector q
is augmented by including the ψ2 angular coordinate.

The kinematic model can be written as

ẋ = v cθ

https://youtu.be/ImG1ZV1EYBs
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Fig. 13. Overall control architecture of the vehicle, with input signals and output signals shown in green and orange, respectively. The antijack-
knifing controller runs on an external computer that communicates with the vehicle via Bluetooth.

Fig. 14. Experiment 1: Stable backward tracking of a linear trajectory
by the proposed method (top, reference trajectory in blue); jackknife
occurs if no corrective action is added (bottom, zoom on the initial part
of the motion).

ẏ = v sθ

θ̇ =
v tφ
�

ψ̇1 = − v tφ
�

(
1 +

�h
�1
cψ1

)
− v sψ1

�1
(18)

ψ̇2 =
v �h1tφ
� �2

(
(�1 + �h1)cψ1cψ2

�1
+
�2cψ1

�1
− cψ1+ψ2

)

+
v sψ1

�1

(
1 +

(�1 + �h1)cψ2

�2

)
− v sψ1+ψ2

�2

φ̇ = ω.

Fig. 15. Experiment 2: Stable backward tracking of a circular trajectory
by the proposed method (top, reference trajectory in blue); jackknife
occurs if no corrective action is added (bottom, zoom on the initial part
of the motion).

Fig. 16. A vehicle composed by a tractor and two trailers.
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The developments for this model (input–output linearization,
generation of the auxiliary trajectory, linearization around it,
and MPC-based control correction) are essentially the same of
Section III, the only notable difference being that the dimension
of the unstable subsystem in (10), corresponding to the number
of eigenvalues with positive real part, is now increased to 4. For
an n-trailer system, this number would be n+ 2.

To validate experimentally the above extension, a second
trailer identical to the first was added to our vehicle, with an
encoder measuring the corresponding hitch angle ψ2.

The proposed method was successfully tested over linear,
circular, and spline trajectories (Figs. 17, 18, and 19), producing
stable backward tracking in all cases. See the accompanying
video or https://youtu.be/ImG1ZV1EYBs for clips of these ex-
periments.

VII. CONCLUSION

Jackknifing affects tractor-trailer vehicles and consists in the
divergence of the trailer hitch angle, which ultimately causes
the vehicle to fold up. This phenomenon is particularly severe
in the case of backward motions, where it appears also at
low speeds. With reference to this specific context, we have
presented a control approach which actively prevents the onset
of jackknifing during backward trajectory tracking. In partic-
ular, a feedback control law was designed as the combination
of two actions: a tracking term, computed using input-output
linearization, and a corrective term, generated via IS-MPC, an
intrinsically stable MPC scheme which is effective for stable
inversion of non-minimum phase systems.

The proposed method has been first verified in simulation and
then experimentally validated on a purposely built prototype.
To show the generality of the proposed approach, we have also
presented successful experimental results obtained for a two-
trailer vehicle.

This work can be extended in several directions, among which
we mention the following:

1) rewriting the implementation in an efficient compiled lan-
guage (e.g. C++) using state-of-the-art QP solvers, which
in our experience can provide a substantial reduction in
computation time;

2) designing a robust version of the anti-jackknifing con-
troller which can handle external disturbances, following
the ideas in [22];

3) modifying the IS-MPC formulation in order to perform
obstacle avoidance during tracking;

4) studying the applicability of the proposed approach for
counteracting the dynamic jackknife phenomenon asso-
ciated to wheel slippage in high-speed forward motion.

APPENDIX A
APPROXIMATE LINEARIZATION

Using the proposed control law (8) in the input–output lin-
earized model (3), with the tracking component utrack given
by (4), leads to a closed-loop system whose only input is ucorr.
Let q̃(t) = (x̃P (t), ỹP (t), θ̃(t), ψ̃(t), φ̃(t))be a trajectory of this
system along which ucorr = 0. Its linear approximation around

Fig. 17. Experiment 4: Stable backward tracking of a linear trajectory
for a two-trailer vehicle.

Fig. 18. Experiment 5: Stable backward tracking of a circular trajectory
for a two-trailer vehicle (reference trajectory in black).

Fig. 19. Experiment 6: Stable backward tracking of a spline trajectory
for a two-trailer vehicle (reference trajectory in black).

q̃(t) will be expressed as

ε̇ = A(t)ε+B(t)ucorr

where ε = q − q̃. The nonzero elements aij ofA(t) and bij of
B(t) are given, respectively, by

a11 = − kx a22 = −ky a31 = −kx
�
sφ̃cθ̃+φ̃

https://youtu.be/ImG1ZV1EYBs
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a32 = − ky
�
sφ̃sθ̃+φ̃ a33 =

sφ̃
�

(
−sθ̃+φ̃ ˙̃xP + cθ̃+φ̃

˙̃yP

)

a35 =
1
�

(
cθ̃+2φ̃

˙̃xP + sθ̃+2φ̃
˙̃yP

)

a41 =
kxcθ̃+φ̃
��1

(
�hsφ̃cψ̃ + �1sφ̃ + �cφ̃sψ̃

)

a42 =
kysθ̃+φ̃
��1

(
�hsφ̃cψ̃ + �1sφ̃ + �cφ̃sψ̃

)

a43 =
1
��1

(
�hsφ̃cψ̃ + �1sφ̃ + �cφ̃sψ̃

)(
sθ̃+φ̃

˙̃xP − cθ̃+φ̃
˙̃yP

)

a44 = − 1
��1

(
−�hsφ̃sψ̃ + �cφ̃cψ̃

)(
cθ̃+φ̃

˙̃xP + sθ̃+φ̃
˙̃yP

)

a45 = − 1
��1

(
�hcφ̃cψ̃ + �1cφ̃ − �sφ̃sψ̃

)(
cθ̃+φ̃

˙̃xP + sθ̃+φ̃
˙̃yP

)

+
1
��1

(
�hsφ̃cψ̃ + �1sφ̃ + �cφ̃sψ̃

)(
sθ̃+φ̃

˙̃xP − cθ̃+φ̃
˙̃yP

)

a51 = kx

(
cθ̃+φ̃sφ̃
�

+
sθ̃+φ̃
d

)
a52 = ky

(
sθ̃+φ̃sφ̃
�

− cθ̃+φ̃
d

)

a53 =

(
sθ̃+φ̃sφ̃
�

− cθ̃+φ̃
d

)
˙̃xP −

(
cθ̃+φ̃sφ̃
�

+
sθ̃+φ̃
d

)
˙̃yP

a55 = −
(
cθ̃+2φ̃

�
+
cθ̃+φ̃
d

)
˙̃xP −

(
sθ̃+2φ̃

�
+
sθ̃+φ̃
d

)
˙̃yP

and

b11 = 1 b22 = 1 b31 =
1
�
sφ̃cθ̃+φ̃ b32 =

1
�
sφ̃sθ̃+φ̃

b41 = − 1
��1

(
�hsφ̃cφ̃ + �1sφ̃ + �cφ̃sψ̃

)
cθ̃+φ̃

b42 = − 1
��1

(
�hsφ̃cφ̃ + �1sφ̃ + �cφ̃sψ̃

)
sθ̃+φ̃

b51 = − cθ̃+φ̃sφ̃
�

− sθ̃+φ̃
d

b52 = −sθ̃+φ̃sφ̃
�

+
cθ̃+φ̃
d

.

APPENDIX B
BOUNDEDNESS CONDITION

Consider a time-invariant linear system ẋ = Ax+Bu with
x ∈ IRn and u ∈ IRq . Assume thatA has no eigenvalues with
zero real part (i.e., the origin is a hyperbolic equilibrium point).
Then, there exists a change of coordinates x′ = Tx such that
the stable and unstable subsystems are decoupled

ẋ′ =
(
ẋs

ẋu

)
=

(
Λs 0
0 Λu

)(
xs

xu

)
+

(
Gs

Gu

)
u

with Λs and Λu characterized by the eigenvalues of A with
negative and positive real part, respectively.

The following lemma is essentially an adaptation of a result
given in [23].

Lemma 1: Assume that the input u(t) is such that
‖Guu(t)‖∞ ≤ μ, for some μ > 0. Then, the state evolution

x∗
u(t) starting from the initial state

x∗
u(t0) = −

∫ ∞

t0

e−Λu(τ−t0)Guu(τ)dτ (B.1)

is bounded, i.e., there exists a β > 0 such that ‖x∗
u(t)‖∞ ≤ β.

Proof: The generic evolution of the unstable component xu

starting from xu(t0) with input u(t) can be written as

xu(t) = eΛu(t−t0)

(
xu(t0) +

∫ t

t0

e−Λu(τ−t0)Guu(τ)dτ

)
.

Choosing the initial condition (B.1), the evolution becomes

x∗
u(t) = −

∫ ∞

t

eΛu(t−τ)Guu(τ)dτ.

Since all eigenvalues of Λu have strictly positive real part,
there exist γ, α > 0 such that

‖eΛu(t−τ)‖∞ ≤ γ eα(t−τ) for t ≤ τ.

We can then write

‖x∗
u(t)‖∞ ≤

∫ ∞

t

∥∥∥eΛu(t−τ)Guu(τ)
∥∥∥
∞
dτ

≤
∫ ∞

t

∥∥∥eΛu(t−τ)
∥∥∥
∞
‖Guu(τ)‖∞ dτ

≤ γμ

∫ ∞

t

eα(t−τ)dτ =
γμ

α
= β.

�
The interpretation of this lemma is the following: although the

system includes an unstable part, for any bounded input there
exists a particular initial condition from which the state evolution
remains bounded. Such initial condition is acausal, in the sense
that it depends on the future values of the input.
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